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Definitions Series
f(n) =0(g(n)) iff 3 positive ¢, ng such that n n n 2 5
0 < f(n) < cg(n) ¥n > no. - nnt+1) 2 nn+1D@En+1) s_n(n+1)°
< f(n) <cg(n) Z No ;z ) , ;z 6 , ;z 7] .
f(n) = Q(g(n)) iff 3 positive ¢, no such that = ) = =
f(n) > cg(n) > 0Vn >ny. | M seneral i
Fl) = Ola) | f0) = O@m) and | "= | D™ =1 30 (G4 D = i k1))
() = R(g(n). = =
1 — 1 = (m+1
n) = o(g(n iff lim, oo f(n n) = 0. m o= _ = Bynmt1-k.
f(m) = o(g(n)) e Fm)/g(n) > m+1k2_0< / ) on
lim a, =a iff Ve > 0, 3ng such that ! . o=
n—00 Geometric series:
lan, — a] <€, Vn > ng. n ntl_ o . o
i_ ¢ - i_ i_ ¢
sup S least b € such that b > s, ZCZ 1 c#1, Zc_l—c’ ZC 1" le] <1,
i=0 i=0 i=1
Vs € S. , .
inf S greatest b € such thatb < s, Zici =ne (n+ lzc + c’ c#1, Zic’ = € 5 le| < 1.
Vs e S. =0 (c—1) i=0 1-¢)
lim inf a, lim inf{a; |i>n,i€ }. Harmonic series: " N
n—00 n—00 _
: . — =31 g =ty ncol
limsup a, lim sup{a; |i>mn,i€ }. — j _— 2 4
n—00 n—oo =1 =1
) Combinations: Size k sub- ZHz — (n+ 1)H,—n, (Z)Hz _ (n + 1) (Hn+1 L)
sets of a size n set. pa = \m m+1 m+1
[2] Stirling numbers (1st kind): n n! " /n " n n
Arrangements of an n ele- L. (k) ~ n— k)& 2 Z (k> =25 3. (k) = <n—k)’
ment set into k cycles. k=0
4 ny mnfn-1 5 ny (n-—1 n—1
{7} Stirling numbers (2nd kind): “\k)  E\k-1)’ “\k) k& E—1)’
Pe;r‘tlttwr;cs of an nt elerilent 6 (M\(™)_ (7\("- k . zn: rk\  (r+n+1
set into k non-empty sets. A\ e ) =) k) 2 e )= n ,
(%) 1st order Eulerian numbers: n 1 n
Permutations w7 ... 7, on 8. Z (k) = nt 1), 9 Z (2) ( 5 k) = (r+s>,
{1,2,...,n} with k ascents. k=0 m + k=0 = n
n k—n-—1 n n
) 2nd order Eulerian numbers. 10. (k) = (_1)k< & ): 11. { 1 } = {n} =1,
Ch Catalan Numbers: Binary n n n—1 n—1
trees with n + 1 vertices. 12. {2}=2"1—1; 13. {k}:k{ k }+{k—1}’
n n n n
= — ! . = — ! _ . =
w [=n o 2] =0 0. [ =1, [0,
n n—1 n—1 n n n - 1 2n
18. = 1 1 = = 20. =n! 21. C, = —— ,
e A R e A e e T R O M R e )
n n n n n n n—1
22. = = 23 24. =(k+1 k
(6)=(ate) = ()= (-0 () =" )+ e-n i)
0 1 ifk=0 n n n+1
25. = ’ 26. =2"-n-1 27. =3" - 1)2"
5 <k> {0 otherwise 6 <1> neh ’ <2> 3= (n+1) +( 2 )’
“~/n\[(z+k n ~ (n+1 & n "~ /n k
28. "= 29. = 1-— n(-1 . ! =
=20 ) (et sem{D =530,

o {
.
0. {,

Y (R
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7~ 3.14159, e~ 2.71828, v = 0.57721, ¢ = %5 ~ 1.61803, b= 1—2\/5 ~ —.61803
i 2t p; General Probability
1 2 2 Bernoulli Numbers (B; =0, odd ¢ # 1): Continuous distributions: If
— __1 _1 __1 b
2 3 Bo =1, B1 = -3, Ba =5, Ba = =35, Pr[a<X<b]=/ p(z) dz,
3 8 5 Bg = 45, Bs = —a5, Bio = &- a
. hen p is the probability density function of
4 16 7 Change of base, quadratic formula: t
1 b+ b2 — dac X
5 32 1 logbx = IOga:Z, — 5 — ac‘ PI‘[X < a] = P(a),
6 64 13 , %8a @ then P is the distribution function of X. If
7 128 17 Euler’s numb‘f “ P and p both exist then
8 256 19 e=l+g+tgtogtmt e
A" P(a) = p(z) dz.
9 512 23 lim (1+ _) —e® oo
10 1.024 29 "_1>°° n _— Expectation: If X is discrete
’ 1+3) <e< (1+2
11 2,048 31 (1+3) <e (11 ") ) Elg(X)] =Y g(z) Pr[X = 2].
12 4,096 37 1+ 1) =e— — 4 =5 (—) =
’ (1+ ") 2n + 24n? ns If X continuous then
13 87192 41 Harmonic numbers: E[ (X)] _ o (SE) (.'L') d.']: _ o (m) dP(ZC)
14 16,384 43 1.3 11 25 137 49 363 761 7129 gE= | WP - )0 '
15 32,768 47 T 2767 A2 007 207 1407 2807 25207 Variance, standard deviation:
16 65,536 53 Inn < H, <lnn+1, VAR[X] = E[X?] - E[X]",
17 131,072 59 1 =
anlnn+7+0<_>_ o = /VAR[X].
18 262,144 61 n For events A and B:
19 524,288 67 Factorial, Stirling’s approximation: Pr[AV B] = Pr[A] + Pr[B] — Pr[A A B]
20 1,048,576 71 1, 2, 6, 24, 120, 720, 5040, 40320, 362880, . .. Pr[A A B] = Pr[A] . Pr[B],
21 2,097,152 73 " ) iff A and B are independent.
n
1=+v2 — 1+40(—) . Pr[AANB
22 4,194,304 79 n 7m<6> ( (n>) Pr{A|B] = r}[) g ]
23 8,388,608 83 Ackermann’s function and inverse: . r[B]
24 16,777,216 ]9 9 i=1 For random variables X and Y:
25 33 554,432 97 ai,j) = { a(i—1,2) =1 E[X - Y] = E[X]-E[Y],
2% 67,108,864 101 a(i—1,a(i,j —1)) i,j>2 if X and Y are independent.
27 134,217,728 103 a(i) = min{j | a(j,§) > i}. E[X +Y] = E[X] +E[Y],
X = X].
28 268,435,456 107 Binomial distribution: ;E[c ] = cE[X]
29 536,870,912 109 n\ k n—k Bayes’ theorem:
. Pr[X = k] = (k>p ", q=1-p, Pr(A,[B] = Pr[B|A;] Pr[4]
S I " T T A [PBIA]
3 /147,483,648 7 E[X] = Z k(k>qunk =np. Inclusion-exclusion:
32 | 4,294,967,296 131 P n n
Pascal’s Triangle Poisson distribution: Pr [ \/Xz] = PriX;]+
—X\k i=1 i=1
: E+1 )
11 Normal (Gaussian) distribution: Z(_l) Z Pr [ /\ le]'
121 5 5 k=2 1< <0g j=1
1331 p(z) = 2mfe_(z_”) /2 EB[X] = p. Moment inequalities:
1
14641 The “coupon collector”: We are given a Pr[|X| > AE[X]] < X
1510105 1 random coupon each day, and there are n 1
different types of coupons. The distribu- Pr [|X - E[X ]| > A\ a} < —.
1615201561 . . . A2
tion of coupons is uniform. The expected Geometric distribution:
172135352171 number of days to pass before we to col- €0 Pe XC_ I: _ N ko,l' 1
1828567056288 1 lect all n types is rX =kl=pg"", q=1-p,
= 1
193684126126 843691 nHp. E[X]=) kpdt'==.
11045 120 210 252 210 1204510 1 k=1 p
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Trigonometry Matrices More Trig.
Multiplication: C
n
CZA-B, Ci,j ZZai,kka. b a
b (cos@,sin 6) et
A c Determinants: det A # 0 iff A is non-singular. B
1,0
(1,0) det A- B = det A - det B, Law of cos?nes:
C a n 2 2 2
= b*—2ab cos C.

B det A = Z H sign(m)a; (i) ¢ =at v cos

Pythagorean theorem:

C? = A? + B2
Definitions:
sina=A/C, cosa=B/C,
csca=C[/A, seca=C/B,
tana — sina A cotq = 89 _ B
- cosa B’ ~ sina A’
Area, radius of inscribed circle:
AB
14p, 0
A+B+C
Identities:
1
sinx = , cosx = ,
cscx sec
tanx = , sin? z + cos’z = 1,
cot x

1+ tan?z = sec? z,
sinz = cos (¥ —z),
cosz = — cos(m — ),

cotz = — cot(m — x),

14 cot?z = csc? z,
sinz = sin(7 — ),
tanz = cot (¥ —x),

cscz = cot § — cotw,

sin(z + y) = sinz cosy + coszsiny,

cos(z £ y) = cosz cosy F sinzsiny,

tanz £ tan
tan(z £y) =~ 2
lFtanztany
cot z cot 1
cot(z £ y) = cotzcoty + 1

cotz +coty ’

sin 2z = 2sin x cos x,

cos 2z = cos’ x — sin’ z,

cos2z =1—2sin’z,

2tanzx
tan 2z = ————,
1 —tan®x

sin(z + y) sin(z — y) = sin® 2 — sin’y,

cos(x + y) cos(x — y) = cos® z — sin’ y.

Euler’s equation:

e =cosz +isinz,

sin 2 2tanzx
n2x=-——
1+ tan’z’
cos2zx =2cos’ x — 1,
1—tan’2
€o8 2 = —————,
1+ tan®z
cot?z —1
cot2x = ——,

2cotx

e = —1.

T =1
2 x 2 and 3 x 3 determinant:
a b
d ‘ = ad — bc,
a b ¢
b ¢ a c la b
d e fl=g —h +1 ‘
g h o e f d f d
- aei +bfg+ cdh
h — ceg — fha — ibd.
Permanents:
n
perm A = Z H i, 7 (3) -
T =1
Hyperbolic Functions
Definitions:
e’ —e ” e’ +e 7
inhyp = ——— hey= ——
sinh 5 , coshzx 5 ,
T _ ,—T 1
tanhz = L, cschx = — ,
er i}— e~® sinh x
hr = thz = .
SCCAT = oshz’ Ot = Cnhz
Identities:

cosh? z — sinh? z = 1, tanh® z + sech®z = 1,

coth®? z —csch®z = 1, sinh(—z) = —sinh z,
cosh(—z) = cosh z, tanh(—z) = — tanhz,
sinh(x + y) = sinh z cosh y + cosh z sinh y,
cosh(x + y) = coshz coshy + sinh z sinh y,

sinh 2z = 2sinh z cosh z,

cosh 2z = cosh? z + sinh? z,

T

coshz + sinhz = €7, coshx —sinhz =e™7,

(coshz + sinh )" = coshnz + sinhnz, n € Z,

2 sinh? 5 =coshz —1, 2 cosh? 5 = coshz + 1.

v2.01 ©1994 by Steve Seiden

sseiden@acm.org

http://www.csc.lsu.edu/ seiden

g sinf cosf tané ... in mathematics
0 0 1 0 you don’t under-
. 1 V3 V3 stand things, you
[ 2 3 just get used to
T @ @ 1 them.

x @ % V3 J. von Neumann
5 1 0 00

Area;

A= %hc,
= %absinC,
_ *sinAsinB
2sin C
Heron’s formula:
A= /5755 50,
s=1(a+b+c),
Sq =S —a,
sp=8—0,
S, =8 —c.

More identities:

- 1—cosz
Sln§

2 )

z /14 cosz

cos 3 _
2

1—coszx

V 1+cosz’

1—cosz

sinx
sin x

14 cosz’

T _
tang—

)

1+ coszx
1—cosz’
1+ cosz

sin x
sinx

T
cot 5 =

sing = ————,

cosx = ——,

el — e

tany = —i———,
em + e—l.’l‘
'e2iz -1
- e2iz 4 1 ’
. sinh ix
sinx = —,
)
cosz = coshizx,

tanh iz

tanx = -
)
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Number Theory

Graph Theory

The Chinese remainder theorem: There ex-
ists a number C such that:

C =r; mod my

C =r, mod m,

if m; and m; are relatively prime for ¢ # j.

Euler’s function: ¢(z) is the number of
positive integers less than z relatively
prime to z. If [];-, p{* is the prime fac-
torization of x th%n

o) =[] (i = D).

Euler’s theorem: If a and b are relatively
prime then
1=a®® mod b.

Fermat’s theorem:
1 =a”"! mod p.

The Euclidean algorithm: if a > b are in-
tegers then
ged(a, b) = ged(a mod b, b).

If [T, p;* is the prime factorization of
then
n e;i+1 _

S(w)desz"p%_ll.
d|z '

i=1

Perfect Numbers: z is an even perfect num-

ber iff z = 2"~1(2" —1) and 2" —1 is prime.

Wilson’s theorem: n is a prime iff
(n—1)!'=—1mod n.

Mobius invlersion: .

ifi=1.
(i) = 0 if ¢ is not square-free.
pe) = (=1)" if ¢ is the product of
r distinct primes.
If
G(a) =) F(d),
dla
then a
F(a) = Y pdE(3)
dla

Prime numbers:
Inlnn

pp=nlon+nlnlnn—n+n

+O(L>,
Inn

Inn

_n n 2n
m(n) = Inn + (Inn)2 + (Inn)3
=0 ()

Definitions: Notation:
Loop An edge connecting a ver- E(G) Edge set
tex to itself. V(G) Vertex set
Directed Each edge has a direction. ¢(G)  Number of components
Simple Graph with no loops or G[S]  Induced subgraph
multi-edges. deg(v) Degree of v
Walk A sequence vge1vs ... epy. A(G) M?X}mum degree
Trail A walk with distinct edges. 6(G) Mlmmurr.l degree
Path A trail with distinct | X(G) ~ Chromatic number
vertices. xe(G) Edge chromatic number
Connected A graph where there exists G° Complement graph
a path between any two | Ln Complete graph
vertices. Ky, n, Complete bipartite graph
Component A maximal connected r(k,€) Ramsey number
subgraph. Geometry
Tree A connec_ted acyclic graph. Projective coordinates: triples
Free tree A tree with no root. (2,9, 2), not all z, y and z zero
DAG Directed acyclic graph. ¥ 2); 'Y '
Eulerian Graph with a trail visiting (z,y,2) = (cx,cy,cz) Ve # 0.
each edge exactly once. Cartesian Projective
Hamiltonian Graph with a cycle visiting (z,y) (z,y,1)
each vertex exactly once. y=mz+b (m,—1,b)
Cut A set of edges whose re- r=c (1,0, —c)
moval increases the num- Distance formula, L, and Lo
ber of components. metric:
Cut-set A minimal cut. z 2 2
1 —%0)" + (y1 — Yo)*»
Cut edge A size 1 cut. 4 P )

k-Connected

k-Tough
k-Regular
k-Factor
Matching
Cligque
Ind. set

Vertex cover

A graph connected with
the removal of any k — 1
vertices.

VS C V,S # 0 we have
k-c(G-8)<]|S|

A graph where all vertices
have degree k.
A k-regular
subgraph.

A set of edges, no two of
which are adjacent.

A set of vertices, all of
which are adjacent.

A set of vertices, none of
which are adjacent.

A set of vertices which
cover all edges.

spanning

Planar graph A graph which can be em-

Plane graph

beded in the plane.
An embedding of a planar
graph.

z deg(v) = 2m.
veV
If G is planar then n —m + f =2, so

fSQ’I’L—‘]:,

m < 3n — 6.

Any planar graph has a vertex with de-

gree < 5.

1

(|21 — 2ol” + |y — wo[?] "%,

. P P 1/P

lim [|a:1 — zo|P + |y1 — Yol ] .

p—oo

Area of triangle (zo,¥0), (1,91)
and (z2,y2):

%abs 1= To

o2 — Io

Y1 — Yo
Y2 —yo |
Angle formed by three points:

($27y2)
2
[Z)
0,00 & (21,9)
_(m1,y1) - (22, 92)
cosf = —5152 .

Line through two points (zg,yo)
and (z1,y1):

z y 1
o Yo 1({=0.
z1 oy 1
Area of circle, volume of sphere:
A =7r?, V= %71'7‘3.

If T have seen farther than others,
it is because I have stood on the
shoulders of giants.

— Issac Newton
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v
Wallis’ identity: Derivatives:
2.9.4.4-6-6---
T=2- 6-6 d(cu) du d(u + v) dv d(uv) dv du
1-3-3-5-5-7--- L n T Y n tata Y e 'm e
Brouncker’s continued frf,2ction expansion: ) dur) o d_u ; d(ufv) ) _ U(gz) . dlev) . du
%:1+2+ 32 Y odr dx’ Y odr v2 ’ Y ode dz’
24 —52
+2+212 7. diicu) _ (ln C)cuj_u’ d(iin u) _ lzu’
Gregrory’s series: (;1: ) v ( ) v uar
m_q1_-1,41_1,1_ d(sinu d(cosu .
4 3T5 77Ty = = 10. - _
' 9 e C ud , 0 e s1nud ,
Newton’s series: d(t ) d(cot )
. ) L3 11, 88 _ o2, Y 12. 8O _ g2, &8
T_ 4 : .. dx dx dx d
© 2 232 2452 13 cl(secu)_t du 14 d(cscu) ¢ du
Sharp7s series: . dz = tanu SeCU%, . dz = —Cotu CSCU@,
. 1 . 1 1 1 15 d(arcsinu) 1 du 16 d(arccosu) -1 du
E_ﬁ( _31.3+32.5_33.7+”') ) dz V1—u2dz’ ) dx V1—w2dz’
Euler’s series: 17, d(arctanu) __1 d_u7 18. d(arccotu) __—1 ‘ d_u,
dz 1—wu?dx dz 1—wu?dx
2
ettt tet 19 d(arcsecu) 1 du 20 d(arcescu) =1 du
e T CX ET T T ) dz w1 — w2 dz’ : dz w/l— 2 de’
x> inh h
ﬁzflf_ilf+§lf_zlf+glf_ ZI.Mzcoshu—u, 22.M:sinhu—,
dz dz dz dz
Partial Fractions d(tanh u) du d(coth u) du
23. = sech® u— 24. ——— = —csch®u—
Let N(z) and D(z) be polynomial func- dx St U dzx e U
tions of . We can break down d(sech d d(csch d
N(z)/D(z) using partial fraction expan- 25. % = —sechu tanhuﬁ, 26. % = —cschu cothu%,
sion. First, if the degree of N is greater )
than or equal to the degree of D, divide 27. d(arcsinh u) _ 1 du 28. d(arccoshu) - 1 du
N by D, obtaining dx V14 w2 de’ dx VuZ —1dx’
N(z) = Q) + N'(z) 29 d(arctanhu) 1 du 30 d(arccothu) 1 du
D(z) D(z) ) dx 1—wu?de’ ) dx Cw?—1de’
where the degree of N’ is less than that of 31 d(arcsechu) =1 du 32 d(arccschu) -1 du
D. SelcondF,‘ factor D(z). Uzefthe follow- : dz T /1w ds’ ) dz T JulvI+u2dz
ing rules: For a non-repeated factor: .
N(z) A N'(z) Integrals:
(z—a)D(z) z-a D(z)’ 1. /cudx:c/uda:, 2. /(u+v)dx:/udx+/vdm,
where N 1 )
A= (2) ) 3. /x" de = "t o £ -1, 4. / Zdz =1Inz, 5. /ez dx = e®,
D(x)],_, n+1
. d
For a repeated factclrl. 6. / : T = arctans, - / dr = o — /v—dx,
N(z) s Ay, N'(z) te
G-ambE - 2 G o D)
k=0 8. /sinxdm = —cosz, 9. /cosa:da: =sginz,
where .
Ak:l da" (N(z) ) 10. /tanmdm:—ln|cosm|, 11. /cotxda::ln|cosm|,
k! [dz* \D(x) )] ,_,
The reasonable man adapts himself to the 12. /secm dz =1In|secx + tan z, 13. /cscm dz =1In|cscz + cot z|,
world; the unreasonable persists in trying
to adapt the world to himself. Therefore 14. / arcsin £dr = arcsin £ + v/a% — 22, a >0,
all progress depends on the unreasonable.
— George Bernard Shaw
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Calculus Cont.

15.

17.

19.

21.

23.

25.

26.

29.

33.

36.

38.

39

40.

42.

43

46

4

50

52

54. /mzvaz—x?dm:%(23;2—az)\/a2—m2+%arcsin§, a >0,

56

58

60

dx 1
. — =11
8 /aw2+bx an

/sec2 rdxr = tanzx,

/arccos 2dx = arccos £ — v/a? — 2%, a>0,

/sin2 (az)dz = 5 (ax — sin(az) cos(ax)),

i sin" lzcosz n
sin” xdxr = — +
n

tan™ 1 g
/tan"mdm =——7 " /tan"_
n —_—

-1 .
sin" 2 ¢ dz,
n

n—1 n—1

tanzsec” 'z n—2
/sec”xdm = + /sec”’2 zxdr, n#l1,

n—1

/sinh2 zdz = }sinh(2z) — 1z,

/ arccosh Zdr =

. /7%:1n(x+ a2+x2)

dx 1 z
/7(12—%:(:2 = ,arctan?, a >0,

j— 3 X
=arcsing, a>0,

/dx
) Ve—2

16. /arctan 2dx = rarctan £ — 21n(a® + 2%), a>0,
18. /cosz(aa:)da: = 5-(az + sin(az) cos(az)),
20. /csc2 rdx = —cotx,

—1 .
cos" "t xsinx n-—1 _
22. /cos”xdm = + /cos" 2 ¢ de,
n

n

cot” g
24. /cot"mdm = —/cot"_Qscdx, n#1,

n—1

t2csc ! -2
/csc”mdw - rree @ + n /csc”_zmd:c, n#l, 2T. /sinh:vd:c =coshz, 28. /coshxdm = sinh z,
n

/tanha:da: =In|coshz|, 30. /cothmda: = In|sinhz|, 31. /secha:da: = arctansinh z, 32. /cschmdm =In|tanh |,

34. /cosh2 zdr = §sinh(27) + 3, 35. /sech2 x dxr = tanh z,

/arcsinh Zdr = zarcsinh 2 — /22 + a2, a >0,

x : .
zarccosh — — v/2? + a?, if arccosh? >0 and a >0,
a

, a>0,

2
. /\/aQiﬁdm:% a2:l:$2:l:“7ln|m+\/a2i$2‘,

T
a+ bx

. /%bmdxzk/a—}—bx%—a/
/m
. Tdmz

)

a2 —22—aln

rdr
. — = —V/a? — 22,
Vaz — 2

JaZ 1 22
. /adearzx/GQ—}—mQ—aln
. /:c\/mQ:l:a2dx=%(x2:|:a2)3/2,

1
—————du,
zva + bx

7

a++va? — z2
x

7

a+ va?+ z?
T

37. /arctanh 2dg = zarctanh £ + £ In|a” — 27|,

x ; .
zarccosh — +v/2? + a?, if arccosh? <0 and a >0,
a

- 2 .
41. /\/az—;ﬁdmz%\/a2—x2+%arcsm%, a >0,

/(a2 — 2%)32dy = 2(5a% — 22%)Va2 — 22 + % arcsinZ, a >0,

dz
u o=,

a+z
a—zx

45 dx _ z
’ T ) (a2 —32)3/2 0 g2\/q? — g2’

zln‘a:—k 2 —a2|, a>0,

dx
47. —_—
/\/;zc"’—a2
2 -2 3/2
49. /a:\/a+ba:d:1:: (3ba f5)£g+b:c) )
11 Va+br—+/a

T
51. [ ——dz = —=1In| Y22 V°
/\/a+ba: o \/§n Va+ bz +\/a
53. /;m/aQ—a:zd:c:—%(aQ—xQ)wQ,

, a>0,

55 /dix__lln“i va® —a?
: Vaz — 2 ¢ T ’
2
z° dx
57- /m:—% a2—x2+(:L2_ZarCSina£, a>0,

]

N
59. /7dm=\/x2—a2—aarccosi a >0,
T

1

dx
61. _— =2
/a:\/a:2+a2 @

In ,

xr
PR o
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Calculus Cont.

Finite Calculus

62.

64.

66.

67.

68.

69.

70.

71.

72.

73.

74.

T dz Va2 + a2
————— = LYarccos &, a>0, 63. =
V2 — 2 e Tal 2222 £ a? a’x
7 o2 2 . . 2\3/2
el _ i, 65,/7\/%”3,: (@ + %)
V2 £ a2 zt 3a2z3
1 2ax + b—Vb* —4dac| ., ,
: n , if b* > dac,
/ dz _ b2 — dac  |2azx + b+ Vb2 — 4ac
ar’ +bo 2 arcta; 2az +b if b < 4
rctan , i ac,
vdac — b2 Vdac — b2
1
/ B ﬁln avazr? +bxr+c|l, ifa>0,
Va? +br +c¢ —2az — b )
—— arcsin ——, if a <0,
v—-a Vb2 — 4dac
2 b dazx — b2 d.
/\/ax2+b:c+cd;c: ar + az? + bz +c+ 22 / e )
4a 8a Vaz? + bz +c
xdz _\/ax2+ba:+c__/
Vax? +bx +c a a) VarZ+br+c
-1 2 2 2
-1 vevar? +br + ¢+ bz + 2c Cifeso,
/ 7 R T
zvar? +bxr +c 1 . bx + 2¢ o<
—— arcsin ————— if ¢ ,
V=c |z|Vb? — 4ac

— (Lz 2
/ Va2 +a?de = (52° — Za
/m” sin(az) do = —Lz" cos(az) +

_1l.ng
/:1:" cos(az) dr = ;2" sin(ax) — %

xneaw
/m"e‘“C dx = -2
a a

)(.732 + a2)3/27

%/m"’l cos(az) dz,
/:U"fl sin(az) dz,

/ xn—leaz d:II,

’

?

1
75. /m" In(az) dz = z"*! ( n(az) _ )

n+1 (n+1

n+1
76. /w”(lnax)m g = 2 (Inaz)™ m /a: (Inaz)™ ' de.
n+1 n +1

zl = i = zt
r? = 2+ 2t = z? -zt
3 = 22+ 322+ 2L = 23 — 322 + !
zt = zt 4 622 + a2 + 2L = z* — 62 + Tx? — 2!
5= 22+ 1522 + 2522 + 1022 + 21 = 28 — 152* + 252° — 1022 + 2!
Z'_ = 1171 ml = ;[;1
z? = 22 + ! 72 = z? — !
3 = 23 + 322 + 22! 3 = 23 — 322 + 22!
xt = z* + 623 + 1122 + 62! 2t = z* — 623 + 1122 — 62!
28 = 2% 4+ 10z% + 3523 + 5022 + 24! 22 = 25 —102* + 352% — 5022 + 242!

Difference, shift operators:

Af(z) = f(z+1) - f(=),

Ef(z) = f(z+1).
Fundamental Theorem:
f(z) = z) & Zf(m)é;c =F(z)+C.

b b—1
Y- f(@)dn =Y 10

Differences: o
A(cu) = cAu, A(u +v) = Au + Aw,
A(uww) = uAv + EvAu,
A(z?) = na 1,
A(H,) = 272, A7) =2,
Ae™) = (c=1)e” Alm) = (mZa)-
Sums:

M ecudr =c) udz,
Su+v)dr = udz + > vz,
SN ulAvdr = uwv — Y, EvAudz,

n+1

doatér =, Sa=tér=H,
Y dr = 5, Y () 07 = (i)
Falling Factorial Powers:
2=x(z—-1)---(x—n+1), n>0,
%=1,
1
t = ) <0,
R RN T .
2 — g (g — )2,
Rising Factorial Powers:
" =x(x+1)---(z+n-1), n>0,
20 = 1,
= 1
"= , n<0,
(z—1)---(z—n)
" = 2™ (x 4+ m)™.
Conversion:
%= (-1)"(—2)" = (z —n+1)"
=1/(z+1)7",
2" = (=1)"(—2)2 = (xz+n—-1)2
= 1/(1. - 1)i7
— kE_ —k,k
N W EE R (e
k=1 k=1
" [n
no_ 1" k, .k
o= [ vt
k=1
=Y mmk.
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Series
Taylor’s series: Ordinary power series:
('Z. - a)2 G ’ i > 1
fl@) = f(@) + (@ —a)f'(a) + ———f" -y E o, A@) =Y air’
Expansions: =0 . ' .
1 o Exponential power series:
: =l+z+22+2+at+-- =) 7, S
z = A@ =Y 0.
1 _ 2,2, 3.3 _ i =0
1—cx =ltcwt+czs +cirm - —Zcm, Dirichlet power series:
=0 oo
1 =14 2"+ 22" 4 37 ... :ani, A(.’L‘): l—;
1—2xn i—o i=1
x ) R . i . Binomial theorem:
— 3 =x+2z° +3z° +4z* +--- = izt " /n ~
1-2) P @+y =3 ( ):L,n bk
k ar 1 n 2 n 3 n .4 = P k=0 b
e \1 -2 =2 +2"0% 4 372% 4 arpt 4o = Y i Difference of like powers:
=0
) i n—1
e —l+z+ia?+ 13+ =Y =, -yt =(z—y) Y e Ry
i " k=0
i ot For ordinary power series:
In(1+z) =z—ii+ 2% -2t - = Z(—l)’“%, o
) = aA(z) + #B(z) = )_(aa; + fb)a’,
ln1 —o+la?+la® 4+ lpt 4o :Z%, z':oo
= _ .
‘o 2i+1 ot A(w) = Zai*kxl’
sin =z— Lo+ L2 — LT+ =Z(—1)"$_7, i=k
: : : £ (20 + 1)! kel
=0 0 Az) - Ez 0 W% Za o
— 1 1,4 1 _ i T 3 )
COS T =1— 522 + gt — b +--- —g(—l)@,
o0 2041 Alex) = Zciaia:i,
tan—1 —p_lg3 1,5 1.7 N ()it £
an~ " x r— 32’ + g2’ — gz’ + ;( ) Gt 1) ,OOO
00 i _ . . i
(1 +$)n —1+nz+ n(n 1) 22+ - _ Z (n)xz’ A (JU) = ;(l + 1)az+137 s
i=0 L o
1 1 +n\ A _ . d
I 1t (et (2. = ' )3317 x (x)—Zmzx,
A= e (e = =
z 1 1.2 1 .4 — Bz’ — Qi 1
e =1-30+ 52° — 5zt + -+ :Z i /A(w)dngg —
=0 =
1 2 3 — 1 20\ ; Az) + A(—= > ;
%(1—\/1—4@ =14z+222+523 +--- :ZHI P ER Alz) + A(-2) . ( ):Za%x%,
1;0 i=0
1 AN
= 2 34 ... = i A
N T =1+2z+ 22% + 6% + —;<i)m, (ﬂf) Za2+1x“+1
1 1—v1—4z\" 4 2 (24 n\
=1+(2 i o= ¢ CIEh; =5
VI —dz ( o0 ) +@2+n)z+ ( ) * ; i T Summation: If b; ZFO a; then
P 1
1 1 > . B = ——A(x).
——In - =z+32+ L+ Baty ... =) Hal, (@) = 7=54@
-t -t =1 Convolution:
1 1 2 ad H'_l.'li'i [o8) i
(1 —lg2 3,8 o4 _ i
5 (nl_x> L7+ Jx° + 552t + ,_ZZ P A(x)B(x)zZ Zajbi—j
. oo i=0 \ j=0
C—— =zr+22+228+324 4+ .-+ :ZE.&:",
roe i=0 God made the natural numbers;
Fox B 2 3 & i all the rest is the work of man.
1— (Fpo1 + Fog1)z — (=122 Fnw + Fon@” + F3nz” + -+ = ; Fniz’. — Leopold Kronecker
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Escher’s Knot

Series
Expansions:
. 1 o0 n+i\ ;
(1 —az)ntt lnl—m _g(HnH Hn)( i )a: ,
.’L'W = Z |:7’L:| Z’z)
i=0 !
1 \" . [i]nlz
1 =
(nl—l") ;[n] i! ’
oo 221(221 )B2
tan z = i:ZI( 1) 2i)!
1 . .- (i)
(@) 2
1
(@) =1li—=
p 1 -p
() =5 where dtn) = 1.
i=1 z
(@)¢(z 1) — Z af’) where S(n) =3, d,
i=1
22n—11B n n
¢(2n) = (211).2 o, meN,
. o0 _, (48 — 2)By;z%
— —1)¢ 1
sinz g( ) (20)! ,
1-vi—dz\" _ yonlitn Dl
2z - i=0 il + ) ,
o >, 2/ 2gin T
e®sinz = T
pa i
1—JI=z B i": (4d)! 7t
- 516220 @i+

oo

4412
:Z( !

sz’
i+ 1)(20 + 1))

. 2
arcsimx
T

(%)_” = g { ; }mi;
o 5
rcotz = g (—42;132!15,,2@’
() :g%
%JJ:gﬁl

Stieltjes Integration

If G is continuous in the interval [a,b] and F is nondecreasing then

/:G(ZL”

If a < b <cthen

/G )dF (2 /G

If the integrals involved exist

/b(G<>+H< ))dF()—/
/G
IR
/G ) dF(z

exists.

/G

=GO)F(b) -

point in [a, b] then

/G )dF(z

) dF (z)

)dF (z

b

/G )dF (2

/G )dF(z

/H
/G

)dF(z),

) dH (z),

d(c- F(z —c/G )dF(x),

/F ) dG(

If the integrals involved exist, and F' possesses a derivative F' at every|

/G V(o

Cramer’s Rule

If we have equations:

01,171 + a1 2T2 + - - + a1 nTn = b1

Q2,171 + Q22T2 + - - + A2 nTp = bo

Gn,1T1 +ap 2Ty + -+ ap Ty = bn

Let A = (a;,;) and B be the column matrix (b;). Then
there is a unique solution iff det A # 0. Let A; be A

with column ¢ replaced by B. Then
det Az

det A’

Ir; =

00 47 18 76 93 85 34 61 52

Fibonacci Numbers

86
95
59
73
68
37
14
21
42

11
80
96
69
74
08
25
32
53

57
22
81
90
09
75
36
43
64

28
67
33
82
91
19
40
54
05

39
71
48
17
55
84
62
06
20

94
49
72
58
27
66
03
10
31

45
56
60
01
12
23
7
89
98

02
13
24
35
46
50
88
97
79

63
04
15
26
30
41
99
78
87

Improvement makes strait roads, but the crooked
roads without Improvement, are roads of Genius.
— William Blake (The Marriage of Heaven and Hell)

The Fibonacci number system:
Every integer n has a unique
representation

n=Fy + Fy, +--+ F,,
where k; > k;y1 + 2 for all ¢,
1<i<mandk, > 2.

1,1,2,3,5,8,13,21, 34, 55,89, ...

Definitions:
F;=F;, 1+F; 2, Fp=F =1,
F—i = (_]‘)iil‘F!ia
1 i 2
=5 (¢'-9).

Cassini’s identity: for ¢ > 0:

FipFioi — F} =

Additive rule:
Foyr = FrFop + F 1 Fy,
Ey, =F,F 1+ F,_1F,.

Calculation by matrices:

Fn72
anl

(

anl
F,

)-(

01

(~1).

11

y




