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GIHKJ?LNM�OQP	R�S�T<U'SWV5JXT.H<Y�RWZ�U S/V7J�[KV;Z\VDV]J	L7^ HK_W`7LDM�O�[<Z�L7a<^ OWYbV5J�SWL7Y�[<^ O�c�L5JXM�O�OWTKd7OWTKeKV;Z�U VfR�e<L;g�O�H<YbV]Z	O�V;^ U M<V5M�O7h

[KZ	U TKS�U [KV7^iY�OWT�P�OjM�O/k.U M�LlV;LmM�O/J	OWT.k5L7^ k�U Y�OWT�P	LmM�OnS�L7Y�[<H<P�V7M<L7Z�O/J]M�OjV7^oP\Vpk5OW^ L�S�U'M<V7M�OqOjM<Oqd5Z�V7TKM�OqS/V;[KV5S�U'M<V7M<OqM�O
V7Z	YbV7rWOWTsV;Y�OWT�P	Lst�uvY�L�M�OWZ�T<U r/V7_/`;LwM�L�JxSWL7Y�[<H�P\V7M�L5Z	O�JxV5J	J	L�S�U'V7M<V�V7LQM�O�J?O/T.k7L7^ k.UiY�O/T5P�LyM�O�T<LzkzV7J{P	R/SWT<U'SWV7J&T.H<Y�RWZ�U'SWV7J
P�OWY|["OWZ�Y�UoP�U M<LKh{["L7Z�O�c�OWY�[<^ LKhxV9J	L7^ HK_W`7LqM�Of}~OWT<�5Y�O/T<L5J�SWL7Y�[<^ O�c�L5JQM�ODY�O�SW�;TKU S/V9M�L�Jy�sH<U M<L5JQOWT.k7L5^ik5OWTKM�L�P	OWZ�Y�L5J
M<Uo}~HKJ	U k7L5J/hKSWL7T.k7O�S0P	U k7L�J&O�Ts`;L;�-^ UiT<O�V;Z�O/JX�*�KL7Z	P	H<TsV<hs�7�7�7���0t��{Y�d7O/Z�V7^�h�L�J�[<Z	L�SWO/J�J?L�J&M<OwJ?L5^iHK_/`;L�Z�O/SWV7OWY�TsVQTKO/S�O�J	J	U'M<V7M�O
M<O�Z	O�J?L5^ik5OWZ�J	U J?P	O/YbV7J�M�O9O/��HKV7_W�.O/J�V7^id5RWa<Z�U S/V7J�^ UiTKO/V;Z�O/J�O9TK`;L7��^ UiTKO/V;Z�O/J/t+G�Y�R�P�L.M<LpM�O9�
OW��P	L5T�R�H<YbV�OWc�SWOW^ OWT�P	O
V7^oP�OWZ�TKVzP�UikzV�M<ODJ	L7^ HK_W`7LN[KV;Z\VNJ?U'J?P	OWYbV5JwTK`7L;�-^iU T<O/V7Z	O�JX[sL5U Jy[sL�J	J	H<U&L7Z\M�OWY�M�OfSWL7T.k7O/Z	d5�WTKSWU V���HKV5M�Z��;P	U'SWVKh�Z�O/��H<O/Z	O/TKM�LKh
["L7Z�RWY�h.V�J?L5^iHs_W`;L�M�O
H<Y�J?U'J�P�OWYbVX^ UiT<O�V;Z{O/Y�S/V7M<VXUiP	O/Z�V5_W`7LKh;Lw��H<OALwP	L7Z�TKVXS�L5Y�[<H�P�V5S�U L7TKV7^iY�O/T5P�OASWV7Z	Lb�*�XO/^i^ OW�5hs �¡7¡�¢7�0t

uIO�J	SWL7^ eKV]M�LNY�R�P	L�M�LNV�J	OWZwV7M<L;P�V5M�L]TKVNJ?L5^iHs_W`;L�M�LNJ	U J?P	O/Y�V]^ UiTKO/V;Z�R�YQH<UoP�LNUiY�["L7Z	P�V7T5P�O7h£HKY�V�k5OWrb��H<O�O/J�J?O�R
Lq[KV7J�J	L9M�LqV7^id5L7Z�UoP�Y�L��5HKOfZ�O/��H<OWZQYbV;U L7ZwO�J�}~L5Z�_WL9S�L5Y�[KH�P�V5S�U L7TKV7^�t�¤#V7Z�VN[KZ	L5a<^iO/YbV7JyM<Ofd7Z\V;TsM�O�["L7Z	P	O�L�JyY�R�P�L�M�L5J
M<UiZ�O�P�L5J
J�`;Lf[<Z	L5UiaKUoP�Uik5L5J/hK["L7U'J
O/Y�d5OWZ\V;^@V5JAYbVzP�Z	U rWO�JAL5Z	U d7U TKV7MKV7JAM�L�JA[<Z�L�S�O�J	J	L5JAM<OQM�U'J	SWZ	OWP	U r/V5_W`;LbJ�`;L�O�J?[sV;Z\J	V5JWt¦¥AYbV
V7^oP�OWZ�TKVzP�UikzV]aKV5J�P\V;T�P	O�H�P�Ui^ Uir�V7M<V�J�`;L]L5JXY�R�P�L�M�L5JXUiP	O/Z�V;P	U k7L5J�TK`7L;�-O/J?P�V5S�U L7TK�7Z	U L5J
aKV7J	O/V5M�L5J�T<L5J�J	H<a"O/J	[KV7_WL5J�M�Ob�XZ��.^iLzk
��§�V7V5M¨h© /¡7¡5ª5��t¦G«J	HKS�O�J	J	L�M�O/J?P	O�JAY�R�P�L�M�L5J
TK`;L7��O�J�P\V7S�U L7Ts�;Z�UiL�JxO�J�P\�bTKVbU Y�[<^ OWY�OWT�P�V5_W`7LbO�¬sSWUiO/T5P�OyM�L�[KZ	L�M�H�P�L�YbVzP�Z	U r��
k5O�P�L7Z¦OXTKV�O/J�S�L5^iesVQM�O�HKY­[<Z�O/SWL7TKM�U'S�U L7TsV7M�L5Z&V5M�O/��HKV5M�LKt

®�HsV;TKM�L�LbY�R�P�L�M�L�M<V7J
M�Uo}~O/Z	O/TK_WV5J�¬KT<UiP�V5J¦R�H�P�Ui^ Uir�V7M�Lb[sV;Z\VQL5a�P	O/Z
V�O/��HKV5_W`7L�Ts`;L;�-^ UiT<O�V;Z�h�V7J¦YbVzP�Z	U rWO�J�OWT.k7L5^ik.U'M<V7J
["L5J�J	H<OWY¯H<YbV9O/J	[KV;Z\J?U'M<V5M�OfS�L5T<e<O�S�U'M<V<h{V7[<Z	O�J?O/T�P�V;TsM�L9V;["OWTsV7J�¢�M�U'V;d5L7TKV7U JQS�L7T�P�OWTKM�LjS�L.O�¬"S�U OWT�P	O�JyTK`7L9T.H<^ L5J/tn�{Y
d5OWZ\V;^£O�J	J�V�YbVzP	Z�U r�RyM�OWTKL7Y�UiTsV7M<V�YbVzP�Z	U r�["OWT�P�V5M�U V7d7L5TKV;^{��§�V7V5M¨h@ �¡7¡7ª��0t°��VbU Y�[K^iO/Y�O/T�P�V7_/`;LbM�L�JAY�R�P�L.M<L5J¦UiP	O/Z�V;P	U k7L5J
Ts`;L;�-O/J?P�V5S�U L7TK�7Z	U L5J�M�O/k7O�J	OWZfSWL7TKJ	U M<OWZ\V7M<VjH<YbVj}~L7Z�YbV�M�O�V;Z�YbV;r/OWTKV7Y�O/T�P	L���H<ONL;P�UiY�U rWO9V7LjYb�;c.U Y�L±V7Jb[KZ	U TKS�U [KV7U J
L5[sO/Z�V5_��.O/JxOWT.k5L7^ k�U'M<V5J°T<L�J¦V;^ d7L5Z	UiP	Y�L5J/h.�5HKO�J�`;Ls²©[KZ	L�M�H�P�LQYbV;P	Z�UirW��k5O�P	L5Z/h�[<Z�L�M�H�P	L�U T5P�OWZ�T<L�M�O�M�L7U'J&k7O�P�L7Z�O/J&OXJ?L5Y�V�M�O
HKY­k7OWP	L5ZAS�L7Y­L�YQ³<^iP	U [<^iL�M<O�L5H�P	Z�L�k7OWP	L7Z�t

´ O/S�O/T�P	OWY�O/T5P�O7h
µ{HKV;T¶OWP�V7^�t h��7�7�7·Kh¦UiT�P�Z	L�M�H<r/UiZ\V;Y¸H<Y¹T<Lzk5LpV;^ d7L5Z	UiP	Y�L�[KV7Z�V±Z	O�J?L5^ik5OWZDJ	U'J�P�OWYbV7Jf^iU T<O/V7Z	O�J�TK`7L;�
J	U Y�RWP	Z�U SWL5J/h.LQY�R�P�L�M�L�MKV7J&M�UiZ�O/_W�.O/J&S�L7T;g�H<d5V5M<V7J&ºwO�J	��H<O/Z�M<VD�*»�¼&½���t��°J�P�OXY�RWP	L�M�L�R�asV7J	O/V7M<LyT<L�S�L7TsS�OWUiP	L�M�O�k7OWP	L7Z�O/J
SWL7Tzg�HKd5V7M<L5JfºpO/J���H<OWZ\M<V±OjºpM�U Z�OWUiP�V±[sV;Z\V�YbVzP	Z�U rWO/JDTK`7L;��J?U Y�R�P	Z�U'SWV7J�OqTK`7L;��J?U T<d5H<^ V7Z	O�JWt«G�JDO�c�["OWZ�UiY�O/T5P�L5JDUiTKU SWU V7U J
Z�O/V7^iU r/V5M�L5J�O/Y¾HKY�V±UiY�[<^ OWY�OWT�P\V7_W`7L�OWYÀ¿�VzP\»@V7amY�L�J�P�Z	L5Hl��H<O9L±»©¼&½�["L5J�J	H<UAP\Vzc<V7J�V;P	Z\VzP�UikzV7JbM<O9S�L5T�k5OWZ�d7�/TKS�U'V
��HKV7TKM�LfSWL7Y�[KV7Z�V5M�LbS�L7Y�L7H<P	Z�L5JAV7^id5L7Z�UoP�Y�L�J¦TK`7L;�-O/J?P�V7SWUiL5TK�;Z�U L5J/h5P\V;U'J
SWL7Y�LK²&ÁxUi�?¼�Â�§�Ã�u�Á�h¨®�¿ ´ O�ÂX¿ ´ �x§p��§�V5V7M¨h
 �¡7¡5ª5�0t�¼&V;P�V7a<Z	U d5V�OWP�V;^�t hÄ�7�7�;ÅbO�§.U ^ikzVbOWP�V;^�t hÄ�7�7�5�<hsV7[<Z	O�J?O/T�P�V;Z\V;YÆV;^ d7H<TKJ
O�c�["OWZ�UiY�OWT�P�L5J¦O/YÆ}~L5Z	YQH<^'V7_��.O�J¦aKV7J	O/V5M<V7J
TKLNY�RWP	L�M�LNM�L�JXOW^ OWY�OWT�P	L�J�¬KT<UiP	L�JWtDG�J�P�O/J?P	O/JwZ	O�V;^ Uir�V7M�L�J
["L7Z�¼&V;P�V7a<Z	U d5VfO�PyV7^�t h©�7�7�;Åsh£M�OWY�L5TKJ�P�Z�V7YÇ��H<O�L�Y�RWP	L�M�L
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¬sT<UoP\V7JyH�P	U ^iU r/V7TKM�LNL�JXY�RWP	L�M�L�Jw»©¼&½­OfÂX¿ ´ �x§n[sV;Z\VDZ�O/J	L7^ k7O/ZXL5J�J	U J?P	O/Y�V5J�^ UiT<O�V;Z�O/JXT<O�S�O�J	J��;Z�UiL�J�OWY�SWV7MKVDUiP	O/Z�V5_W`7L
Ts`;L;�-^ UiT<O�V;Z�t©u
^iR/Y�M�U'J	J	LKh.J	`7LQSWL7TKJ	U M<OWZ\V7M<V5J{M�HKV5J{}~L5Z	YbV7J&M�O�O/J�S�L7^ e<O/Z&VwP	L7^ OWZ\�;TsS�U'V�[KV;Z\V�L�Y�R�P	L�M�LQUoP�OWZ\VzP�Uik5LQM�OW¬KT<U'M<V7J
["L7Z&¤#V;[KV5M�Z\V � V � U'JWhs /¡7¡5·XO��XO/^i^ OW�5hs �¡7¡5¢<t�Ã�O/J?P	O�JxSWL7Y�[KV;Z\VzP�Uik5L5J#O/T�P	Z�OAL5JxY�R�P	L�M�L�J°»�¼&½ OXÂX¿ ´ �x§¨h/g�HKT5P\V;Y�OWT�P�O�SWL7Y
V5J�O/J�S�L5^iesV7JXM<V7J�P�L7^ OWZ\�;TKSWU V5JWh£J�`;LNV7[<Z	O�J?O/T�P�V7M<L5J/tbG�Z	O�J�P\V;T�P	ObM�O�J�P�O�V;Z	P	U d7L]RbL7Z�d5V;TKUir�V7M�L]S�L7Y�LNJ	O�J	OWd5H<O7t���VNJ?O�_W`7L
�qJ�`;LqM<O/J�S�Z�UoP\V7J�V7JQ[<Z	U TKSWUi[KV7U J�U'M�RWU'V7J�M�LjY�R�P	L�M�LnM�O��AO/��P	L7T UiTKO�c<VzP�LKh{U TKS�^ H<U TKM�LnM�HKV5Jw}~L5Z	YbV7JQ[KV7Z�VqV9O�J	SWL7^ eKV9M<V
P�L7^ OWZ\�;TKSWU VDM�L5J�Y�R�P�L�M�L5J�UiP	OWZ\VzP�Uik5L5J/t��
V]J?O�_W`;L]J?O/d7H<U T�P	O�J	`7LDV7[<Z	O�J?O/T�P�V7M<L5JAL�J�Y�RWP	L�M�L�J�UiP	O/Z�V;P	U k7L�J�ÂX¿ ´ �&§9O�»©¼&½Qt
G�JxZ�O/J	H<^oP\V7M�L�J{[KV7Z�VyM�L7U'J°[KZ	L5a<^iO/YbV7Jxa<U M<UiY�OWTsJ?U L7TKV7U JxJ?U Y�[<^ O/J&TK`;L7��^ U T<O/V7Z	O�J{J	`7LyV;[KZ	O�J?O/T5P\V7M�L�J#TKVQJ?O�_W`;LyÅyO�^iL5d7LyV7[���JWh
V5J�[<Z�UiTKSWUi[sV;U'J¦S�L7TsS�^ HKJ?�.O�J¦M�L5J&P�O/J?P	O/J�Z�O/V7^iU r/V5M�L5J/t

� ¸�� ¿�Î�¼BÁVÍ4Á�Í4´���´
	�¼BÁ)¶�¾µ¶/´��V»-¼
Á
¥
Y J	U J?P	O/Y�VnM�O�O��5HsV7_��.O�J�V7^id5RWa<Z�U'SWV7JQTK`7L;�-^iU T<O/V7Z	O�Jw["L�M�ONJ?O/ZbO/J�S�Z�UoP�LjSWL7Y�L

F (x) = 0
h&J?H<["L7TsM�Lj��H<O

F
P	OWTKeKV

M<OWZ�UikzV7MKV7JASWL7T�P�
 T.HKV7J¦O/Y
<n

tAu kzV;Z�U V5_W`;LbM<Vb}~H<TK_W`7L
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S�L5YÆZ�OW^'V7_/`;LbV
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xk+1 = xk + sk
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O/J?P	O�P�Z�V7aKV;^ e<Lsh©L�JyY�RWP	L�M�L5JQ»©¼�Â�O
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J�J?U Y�h7LXO/J?}~L7Z\_�L�S�L5Y�[<H�P�V5S�U L7TKV7^.T<L�Y�R�P	L�M�LwM<OA�AOW��P�L7T�U T<O�c<VzP�LX[sL�M�O
J	OWZ�S�L5T�P	Z�L7^'V7M�L�["L7Z�H<Y�[KV;Z\�;Y�O�P�Z	L�S/V;^'S�H<^'V7M<LKh
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^ U T<O/V7Z	O�J���Ly[<Z�U Y�O/UiZ�LKh.J	H<d7O/Z	U'M�Lw["L7Z&¤#V;[KV5M�Z�V � V � U J/hK �¡7¡5·XO�LyJ	OWd5H<TKM�Lsh5["L7Z��XOW^ ^ OW�7hÄ �¡7¡5¢<t�uvS�L5TKM�U'_W`;Ly[KV;Z\V�LwP�RWZ�Y�UiT<L
MKV7J�UiP	O/Z�V5_��.O/J�Ts`;L;�-^ UiT<O�V;Z�O/J�R�asV7J	O/V7MKVqTKL�P�V7Y�V7T<e<L±M�L�Z�O/J�
'M�H<L�TK`7L;�-^iU T<O/V7ZbZ	O/^ V;P	U k7Lsh

‖F (x)‖/‖F (x0)‖
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L�k�V7^iL5Z&V7aKJ	L7^ H�P	LQO�LQk�V7^iL5ZxZ�OW^'VzP�Uik5LQM�LQZ	O�J�
'M�H<L
TsVNUoP�OWZ\V7_/`;LNS�L5Z	Z�OWT�P	O5h

τrr0 + τa

h�J?O/TKM�L
r0 = ‖F (x0)‖

h�L7H�J	O�g?V<h�LNZ�O/J�
 M<H<L�M<V�SWL7TKM�U'_W`7L�UiT<U'S�U'V;^
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η = min{ηmax, (
‖F (x)‖

r0
)t},
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J	OWTsM�L
ηmax
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0 < t < 1

h�[KV7Z��7Y�O�P	Z�L5JbM<OW["OWTKM�O/T�P	O/JfM�L±[<Z�L7a<^ OWYbVnV�J	OWZ�Z�O/J	L7^ k.U M�Lst ½�O/J?P�Vn}~L5Z	YbV<h&L±V;^ d7L5Z	UiP	Y�L
M<L�Y�R�P	L�M�L�M<Of�AO/��P	L7TnU T<O�c<V;P	LN[KV7Z�V�V�Z�O/J	L7^ HK_W`7L]M�ODJ?U'J�P�OWYbV7JyM�ObO/��HKV5_��.O/JXTK`7L;�-^iU T<O�V;Z�O/JXH�P�Ui^ Uir�V;TKM<LNL�S�Z�UoP�RWZ�UiLNM�O
¤#V7[KV7M�Z\V � V � U'J&RXL�M�O/J�S�Z�UoP�LQ["L7Z�²
u
^id5L7Z�UoP�Y�L] ��°�
OW��P	L5T�UiT<OWc<VzP	L��{¤#V;[sV7M�Z\V � V � U'J
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τa

h
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ηmax

h
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r0 = ‖F (x0)‖·<t#"%$'&�()�!$�*+�
‖F (x)‖ > τrr0 + τa , ��-.�·<t  7t

η = min{ηmax, (‖F (x)‖
r0

)t}·<t ��t0/��!1324(�1��65
J(x)·<t ·<t�798: ��!1<;=8�5
J(x)s = −F (x)
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§�OWd7HKTKM�L��XOW^ ^iO/�7h� /¡7¡�¢�h°VjY�O/M<U M<VnM�Lnd5Z�V7H M�O�V7[<Z	L�c�U YbV7_W`7L9S�L5Y ��H<ONVjUoP�OWZ\V7_W`7LqTs`;L;�-^ UiT<O�V;Z�J?ONV7[<Z	L�c�U YbVqM<V

J	L7^ HK_/`;L�RwM<V7M<V�["L7Z�²

ηA
k = γ

‖F (xk)‖2

‖F (xk−1)‖2
,
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L5TKM�O
γ ∈ (0, 1]
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ηk = ηA
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[KV;Z\V
k > 0

L5a�P	R/Y��-J	O�S�L7T.k5OWZ�d7�WTsS�U'VQ��HKV5M�Z��;P	U'SWVKt{½
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ηB
k =

{

ηmax, k = 0
min(ηmax, ηA

k ), k > 0
.

��·5�
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}~L7Z�J	H�¬sSWUiO/T5P�OWY�OWT�P�OQd5Z�V7TKM�O7hÄL]kzV;^ L7Z�J?O/d7H<U T�P	O5h

ηk
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ηk−1
h<OXU J?P	L�["L�M�OwJ?O/Z¦Z	O/O/J�S�Z�UoP�L�MKV�J	OWd5H<U T5P�O�}~L7Z�Y�VK²
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





ηmax, k = 0
min(ηmax, ηA
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O
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k , γη2
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k−1 > 0.1
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r0 = ‖F (x0)||·<t
iter = 0ÅKt#"%$'&�()�!$�*+�

‖F (x)‖ > τrr0 + τa , �6-=�ÅKt  7t�
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iter = 1
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ηiter = ηmax
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iter−1 < 0.1
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ηiter = min(ηmax, γ ‖F (xiter)‖2

‖F (xiter−1)‖2 )
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ηiter = min(ηmax, max(γ ‖F (xiter)‖2

‖F (xiter−1)‖2 , γη2
iter−1))ÅKt ��t0/��!1324(�1��65

J(xiter)ÅKt ·<t�798: ��!1<;=8�5
J(xiter)s = −F (xiter)
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xiter+1 = xiter + sÅKt ¢�t#E9;!�!1FCD�65
F (xiter+1)ÅKt ª<t

iter = iter + 1
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k
R�VyM�UiY�O/TKJ	`7LyM�LyJ	H<a"O/J	[KV7_WLwO

r0 = b−Ax0
t°G Y�R�P	L�M�L�ÂX¿ ´ �x§�[<Z�L.SWH<Z\V

O/TKS�L5T�P	Z\V;Z�H<Y
z

P\V;^£��H<O�V�T<L7Z�YbV�M�L�Z	O�J�
'M�H<L�J?O?g?V�Y 
 T<U YbV<h<U'J�P�L�R7h
x0 + z

R�J?L5^iHs_W`;L�M�LbJ	U J?P	O/Y�V�J	O
‖b− A(x0 + z)‖R�Y 
 T<U Y�VKt

G«Y�RWP	L�M�LDÂX¿ ´ �x§N["L5J�J?HKU©SWL7Y�L�[<Z�UiTsS�U [KV;^�SWV7Z�V5S0P	O/Z�
'J?P	U'SWV�VfSWL7TKJ?P	Z�HK_W`7L�M�OyHKY�VfaKV7J	OwL5Z?P�L7d7L5TKV;^@T<LfJ	H<asO�J?[sV7_�L
M<O��XZ��.^iLzk]L7a<P	U'M<VDV;P	Z\V�k7R�J
M�L][<Z�L.SWO/J�J?L]M�ObÂ�Z�V7YQ��§�S\e<Y�U'M.P�¿NL�M�Uo¬"SWV7M<L]J	HKS�O�M�U'M�Lf["L7ZXH<Y�[KZ	L�S�O�J	J	LDM<OQZ�L;P\V7_��.O�J
T<L

·
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[K^ V7T<LKh#M�O/T<L7Y�U TKV7M�LqV;^ d7L7Z�UiP	Y�L9® ´ ��§�V5V7M�V7TKM±§�S\e.H<^iP	r7h� �¡ �7ª��0t9GÆV;^ d7L5Z	UiP	Y�L�M�LqÂX¿ ´ �x§n["L�M�ODJ	OWZQUiY�[<Z\VzP�U S/��k7OW^
SWL7Y�[<H�P\V7SWUiL5TKV;^ Y�OWT�P	O5h&["L7U'JfV�S/V7M<VnUiP	O/Z�V5_W`7LjL�Jb[<Z�L�M�H�P	L�JbYbVzP�Z	U r��-k7OWP	L7Zb[KZ	O�S�U'J	V7Y¾J	OWZfV7Z	YbV;r/OWTKV5M�L5J/h°L±��H<O9[sL�M�O
L�S/V7J	UiL5TKV;Z&[<Z�L7a<^ OWYbV7J&M�O�}*V;^iP�V�M�OXY�OWY �7Z�U'Vy��HKV;TsM�Ly}~L5Z�T<O/SWO/J�J	�7Z	U LyH<Y­d7Z\V;TKM�O�T.³<Y�OWZ�L�M�OXUiP	O/Z�V5_��.O/Jx[KV;Z\VwZ�O/J	L7^ k7O/ZxL
J	U'J�P�OWYbV�^iU T<O�V;Z�tx¥AYbV�V7^oP�OWZ�TKVzP�UikzV�[KV7Z�V�S�L5T�P	L7Z�TKV7Z¦O/J�J?OX[<Z�L7a<^ OWYbV�R�H�P�Ui^ U r/V;Z
H<Y�V7^id5L7Z�UoP�Y�L�SWL7YÆZ	O�J�P\V;Z	P�^ U Y�UiP�V7TKM�LfV
M<UiY�OWTsJ	`7L

k
M�L�J	H<a"O/J	[KV7_WLyU T�P	Z�L.M<H<rWU'M�L�[sL5Z�§.esV � UiaDO�PAV;^�t h" �¡ �5¡<t�G uA^ d7L7Z�UoP�Y�LQ·�V;[<Z�O/J	OWT�P�VyL5Jx[<Z�UiTKSWUi[sV;U'J&SWL7YbV;TsM�L5J

M<O/J�J	V�U Y�[K^iO/Y�O/T�P�V7_/`;Lst
u
^id5L7Z�UoP�Y�L�·Q�xÂX¿ ´ �x§¨�

k
�

 7t����
���! 
A

h
b
h
lmax

h
k
8

εtol��t
ε = εtol‖b‖·<t
x = 0ÅKt � �!5B�

l = 1, . . . , lmax , ��-.�ÅKt  7t
u1 = b − AxÅKt ��t
ē1 = ‖u1‖ÅKt ·<t
u1 = u1

‖u1‖ÅKt ÅKt � �65��
i = 1, . . . , k , ��-.�
ui+1 = Aui� �!5B�

j = 1, . . . , i , �6-=�
βi+1,j = uT

i+1uj

ui+1 = wi+1 − βi+1,juj

h̄(i) = {βi+1,1, . . . , βi+1,i, ‖ui+1‖}
T

ui+1 = ui+1

‖ui+1‖� �!5B�
j = 1, . . . , i − 1 , ��-.�
[

h̄
(i)
j

h̄
(i)
j+1

]

=

[

cj sj

−sj cj

]

[

h̄
(i)
j

h̄
(i)
j+1

]

r =
√

(h̄
(i)
i )2 + (h̄

(i)
i+1)

2

ci =
h̄
(i)
i

r

si =
h̄
(i)
i+1

r

h̄
(i)
i = r

h̄
(i)
i+1 = 0

ēi+1 = −siēi

ēi = ciēi
 8
ēi+1 ≤ ε � $'�61FC��.�!5�� 1�� ���

i
h
x �  ��61F(�- �
� ���'5��	�
C ? �
����


ÅKt ¢�t#"%$ 2B�6$)* 5��!5
y
* �!1 &�()8	�















h̄
(1)
1 . . . h̄

(i−1)
1 h̄

(i)
1

0

t t t ttt ttt
ttt t t t

h̄
(i−1)
i−1 h̄

(i)
i−1

0 . . . 0 h̄
(i)
i

























y1ttt
yi−1

yi











=











ē1ttt
ēi−1

ēi











ÅKt ª<t
x = x +

∑i

j=1 yjujÅKt�
.t�
 8
ēi+1 ≤ ε � $'�61FC��.�!5�� 1��.���

l
h
x �  ��!1<(�- �
� ���'5��	��C ? ���
��


L5TKM�O
lmax

R�LfT.³<Y�OWZ�LfYb�;c.U Y�LDM�O�UiP	OWZ\V7_W�.O/J/h
εtol

R�V�P	L5^iO/Z��7TKS�U'V�S�L5TKJ	U M�O/Z�V5M<VbO
k

R�VfM�U Y�OWTKJ�`;L]M�LDJ	H<a"O/J	[KV7_WLDM�O
�XZ��.^iLzk�SWL7TKJ	U'M�OWZ\V7M�L�[KV7Z�V�S�L5Y�["L7ZAV�J	L7^ HK_W`7LKt

� ¸ � ¸`Ä ÎX¼BÁVÍ/Á�¾µ¼
´�Ã�»-¼
¾ �)Á�À\·��
G«Y�RWP	L�M�LfUiP	O/Z�V;P	U k7LfMKV7J
M<UiZ�O/_W��O�J�SWL7Tzg�HKd5V7MKV7JAºfO/J��5HKOWZ\M<V��*»�¼&½���hÄZ	O�S�OWT�P�OWY�OWT�P	O�V;[<Z�O/J	OWT�P\V7M�Lb["L7Z�µ{HKV;T9O�P�V;^�tih

�7�7�5·<h.P	O/Y�SWL7Y�LbL7a<g�O�P	U k7L�O/TKS�L5T5P�Z�V7Z¦VbJ?L5^iHK_/`;LbM�L�J	U J?P	O/YbV�OWY�H<YÆSWL7Tzg�H<T�P�LbL7Z	P	L7d5L7TKV7^¨M�OyM�U Z	O�_��.O/J¦M<Owa<HKJ�SWVbSWHzg�L5J
k5O�P�L7Z�O/J@P	OWY«V�S/V;Z\V7S0P�OWZB
 J?P	U'SWV
M�O¦J?O/Z	O/Y+SWL7Tzg�HKd5V7M<L5J©º
O�J	��H<O/Z�M<V�M<V�Y�V;P	Z�Uir

A
t{G�J©k7OWP	L7Z�O/J

p1, p2, . . . , pn

J	`7L�S\eKV7Y�V5M�L5J
M<UiZ�O/_W��O�J�SWL7Tzg�HKd5V7MKV7J�º�O/J���H<OWZ\M<VDM�OQHKY�VDYbVzP�Z	U ryZ�O/V7^�TK`7L;��J?U T<d5H<^ V7Z

An×n

J	O
pT

i Apj = 0
[KV;Z\V

i < j
O

pT
i Apj 6= 0[sV;Z\V

i = j
t���["L5J�J�
ik5OW^A[<Z�LzkzV;Z���H<O�L�Jbk7OWP	L5Z	O�JbS�L7T;g�H<d5V5M�L5J�ºnO�J	��H<O/Z�MKV�M�O

A
J�`;L�^ UiTKO/V;Z�Y�OWT�P	ONU TKM�O/[sO/TKM�O/T5P�O/J/t

½�O/J�J�Vw}~L5Z	YbV<h.S�L5TKJ	U M�O/Z�V7TKM�LwHKY�V�V;[KZ	L�c�U Y�V5_W`7L�U T<U'S�U'V;^
x0

h�VQJ	L7^ HK_/`;LyM�L�J?U'J?P	OWYbV
Ax = b

["L.M<O�J	OWZ&Z	O/[<Z�O/J	OWT�P�V5M<V�["L7Z
x = x0 +

∑n

i=1 αipi

h<L5TKM�OXL5J
αi � J¦J�`;LbM�O�P�OWZ�Y�UiTKV5M�L5J&H<TKU S/V;Y�OWT�P	O�["L7Z

p1, p2, . . . , pn

O
x0

t
Gl[<Z	L�SWO/J�J?LXM�O&L7a�P�OWTK_/`;LXM<V7J�M�U Z	O�_��.O/J�SWL7Tzg�H<d�V7M<V5J�º
O�J	��H<O/Z�M<V
R¦V;[<Z�O/J	OWT�P�V5M�L
O/Y µ{HKV7TQOWP#V7^�t h5�7�7�7·Kt©Glu
^id5L7Z�UoP�Y�L

ÅshÄUiT<U'S�U'V;^ Y�OWT�P	OQV;[<Z�O/J	OWT�P�V5M�Lb["L7Zw¼&VzP�V7a<Z�Uid�V�O�P�V7^�t h¨�;�7�7ÅKhsZ	O/[<Z	O�J?O/T�P�V�L�Y�R�P�L�M�LD»�¼&½ T.H<YbV�O�J�P�Z	H<P	H<Z\V�S�L5YÆZ�O/J?P�V7Z?P

Å
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V7TK�;^ L7d�V�V;L�V;^ d7L7Z�UiP	Y�LyÂX¿ ´ �x§£�
k

�&M�O�J	SWZ	UiP	Lw["OW^ LQu
^id5L7Z�UoP�Y�Ly·<h.^ UiY�UoP\V;TKM<LQVwM�U Y�OWTKJ�`;L
k

M�L�S�L7T;g�H<T�P	LQM<O�M�U Z	O�_��.O/JxM�O
aKHKJ	S/VAM<V¦J	L7^ HK_W`7L�O{Z	O/UiTKU SWU V7^iU r/V7TKM�L�LA[<Z�L�S�O/J�J	L&UiP	O/Z�V;P	U k7L¦V¦[KV7Z?P�UiZ£M<O{H<YbVAM�OWP	OWZ�Y�UiTsV7M<V�UiP	O/Z�V5_W`;Lst¨�°J�J	V�U Y�[<^iO/Y�OWT�P�V5_W`;L
SWL7Y�Z�O/J?P�V7Z?P�OWk.UiP�V���H<O�P	L�M�L�J�L5J�[<Z�L�M�H�P	L�J&Y�V;P	Z�UirW��k5O�P�L7Z&O�Y�V;P	Z�UirW��P�Z�V7TKJ	[sL�J�P\Vz�-k7O�P�L7Z°J	O�g?V7Y�O�}~OWP	HKV5M�L5J�O���H<O�P	L�M<V5J¦V7J
M<UiZ�O/_W��O�J¦S�L5Tzg�H<d5V5M<V7J�º�O/J���H<OWZ\M<V�J?O?g?V;Y�V;Z�Y�V7rWO/TKV7M<V5JWt
u
^id5L7Z�UoP�Y�L�Å��°»�¼&½Q� � �

 7t����
���! 
x0

h
A

h
b
h
lmax

h
k
8

εtol��t
r0 = b − Ax0·<t
ε = εtol‖r‖ÅKt#"  �2>�!1 �)�

p1
* �!1 &�()8

pT
1 Ap1 6= 0¢�t � �!5B�

l = 1, . . . , lmax , ��-.�¢�t  7t � �65��
i = 1, . . . , k , ��-.�¢�t  7t  7t

qi = AT pi

αi =
pT

i ri−1

qT
i

pi

xi = xi−1 + αipi

ri = ri−1 − αiApi¢�t  7t ��t�
 8
‖ri‖ < ε

8�$)* ��� � $ �!1FC��.8 � 1��.���
l
h
xi

 4�61F(�- ��� ���'5B� �
C ? �
��� 

¢�t  7t ·<t

pi+1 = ri� �65��
j = 1, . . . , i , �6-=�
βj = −

qT
j pi+1

qT
j

pj

pi+1 = pi+1 + βjpj¢�t ��t#"  �2>�!1 �)� � $'�6;=�
p1

*+�61 &4()8
pT
1 Ap1 6= 0

L5TKM�O
lmax

RXL�T�³KY�O/Z	L�Yb�zc�U Y�LbM�O�UiP	O/Z�V5_��.O/J/h
εtol

RwVyP�L7^ OWZ\�;TKSWU V�S�L5TKJ	U M�O/Z�V5M<VwO
k

RXT.³<Y�OWZ�L�M<O�k5O�P�L7Z�O/J�S�L5Tzg�H<d5V5M�L5J
º9O/J���H<OWZ\M<V�SWL7TKJ	U M<OWZ\V7M�L�J�[KV;Z\VNLqZ	O�J�P\V;Z	P/t �«UiY�["L7Z	P�V;T�P�OfL7asJ?O/Z	kzV;ZQ�5HKOfLqSWHKJ?P	LqSWL7Y�[<H�P\V7SWUiL5TKV;^°M<O]S/V7M<VNUiP	O/Z�V5_W`7L
M<LbY�RWP	L�M�L�»�¼&½ R�YbV;U L7ZA��H<O�L�SWHKJ�P�L�S�L5Y�[KH�P�V5S�U L7TKV7^£M�LbY�R�P	L�M�LfÂX¿ ´ �x§Äh7g?����H<OwV;^ RWY�M�Lb[<Z�L.M<H�P	L�YbVzP�Z	U r��-k7OWP	L7Z
O/T.k7L7^ k7O�H<YÆ[<Z	L�M�H<P	L�YbVzP	Z�U r���P	Z\V;TKJ	[sL�J�P\Vz�-k7OWP	L7Z�t

� ¸`±9� �Â´�Ã�¾µ¿�´L¶½¼BÁ)ÇI¶ÞÉ4¿�ÎXÃ�¾³Ð:Á6Ç
�
O/J?P�V�J?O�_W`7LyRXS�L7Y�[KV7Z�V5M�LwL�M�O/J	OWY�["OWT<eKL�M�L�Y�R�P�L.M<L�ÂX¿ ´ �x§fSWL7Y�L�Y�R�P	L�M�L�»©¼&½vH�P�Ui^ U r/V7M<L5J&T<L�V;^ d7L7Z�UiP	Y�LyM�O

�
OW��P�L7TjUiT<OWc<VzP	LDTKVfJ	L7^ HK_/`;LDM<O�M�L5U J�[<Z�L7a<^ OWYbV5J
TK`7L;�-^iU T<O�V;Z�O/J/t�¤#V;Z\VfS/V7M<VfY�R�P	L�M�L�J�`;L�O/Y�[KZ	O/d5V7MKV7J
V5J�P	R/SWT<U'SWV7J�M�O
P�L7^ OWZ\�;TKSWU Vf¬<c<VDO�M<OyP�L7^ OWZ\�;TKSWU VDkzV;Z�U ��k5OW^�h"SWL7Y�L�J�SWZ	UiP	R/Z	U L5J�M�O�¤#V;[KV5M�Z\V � V � U'JWh� /¡5¡7·fO�M�Ob�XO/^i^ OW�5h# /¡7¡�¢�t�GI[<Z	U Y�OWU Z	L
OWc�[sO/Z	U Y�OWT�P	L±V7[<Z	O�J?O/T�P�VjV�J?L5^iHK_/`;Lj[sL5ZfM�Ui}~OWZ�OWTK_/V7J�¬KTKUoP\V7J�SWOWT�P	Z\V;U'JbM�ONH<YbVn[<Z�L7a<^ OWYbVnM�O�P�Z�V7TKJ�}~O/Z	�/TKS�U'VnM�O�SWV7^iL5Z/h
SWHzg?V9SWL7TKM<H�P	U k.U M<V5M�O�kzV;Z�U'V���HKV7M�Z\VzP�U S/V;Y�OWT�P�O�S�L7Y�V�P�OWY�[sO/Z�V;P	H<Z\V<tqGÆJ	OWd5H<TKM�L�OWc�[sO/Z	U Y�OWT�P	L9V7[<Z�O/J	OWT�P�VNV�J	L7^ HK_/`;LKh
P\V;YQasR/Y­["L7Z¦M�Ui}~OWZ�OWTK_/V7Jx¬KT<UiP�V5J¦S�OWT�P�Z�V7U J/h�M�OXH<Y�[<Z�L7a<^ OWYbV�M�O�S�L5T�k5O/S/_W`;LyOXM<Uo}~HKJ�`;L�TK`7L;�-^iU T<O/V7Z/t��AL�J�M�L7U'J�[<Z�L7a<^ OWYbV7J
V5J�P�L7^ OWZ\�;TKSWU V5J�H�P	U ^ Uir�V7M<V5JwT<LqY�RWP	L�M�L9M<OD�AO/��P	L5T±UiTKO�c<VzP�L�J	`7L

τa = 10−9 O
τr = 10−12 tjG�Jy[KV;Z\�;Y�OWP	Z�L5JX[KV7Z�VNL

SWZ	UiP	R/Z	U LbM�Ow¤#V;[sV7M�Z\V � V � U'J�J	`7L
ηmax = 0.999

O
t = 0.5

h�Ow[sV;Z\VQLbSWZ	UiP	R/Z	U LbM�Oy�XOW^ ^ OW�fJ�`;L
ηmax = 0.999

O
γ = 0.9

t°u
P�L7^ OWZ\�;TKSWU Vy¬<c<V�S�L5TKJ?U'M�O/Z�V5M<VyO/Y�P�L.M<L5J�L5J&P�O/J?P	O�J&}~L7U@M�O

10−5 t

� ¸ B ¸��SÃ�»h¶/Ç���´�Ã���¶/Ð:¾³»°Í4´�ÐX»h²µÁ)Ã Ð:Á6¿ ÐXÁ)¶/Í/É$¼B¾��V¾µÍ/»hÍ/´	�ÞÉ/»hÍ$Ã�
-¼B¾µÐX»
G [<Z�L7a<^ OWYbV�M�O�P	Z\V;TKJ?}~OWZ��WTsS�U'VQM�OwS/V;^ L7Z�H�P�Ui^ Uir�V7M�L�[KV7Z�V�Z�O/V7^iU r/V7ZxOWc.["OWZ�U Y�O/T�P	L5J¦J�VzP�U J?}*V;r�V�O/��HKV5_W`7LK²

−∇.(k(u)∇u) = 0
O/Y

(0, 1) × (0, 1)
��¢7�

L5TKM�O
k(u) = 0.001(1 + 0.01u + 0.0002u2)

O�SWL7TKM�U'_��.O�J�M<O�S�L7T�P�L7Z�T<LDU d7HsV;U'J�V
u(x, 0) = u(1, y) = 10

O
u(x, 1) =

u(0, y) = 100
tXu�JX��U dKtf 5�*V��AO] 5�*as��Y�L5J?P	Z\V;Y�hÄZ	O�J?["O/S�P	U k�V7Y�OWT�P	O5h£VfJ	L7^ HK_W`7LfT.H<Y�RWZ�U S/V�L5a�P	U'M<VD[KV;Z\V�L][<Z�L7a<^ OWYbVfM<O

P�Z�V7TKJ?}~OWZ��WTKSWU VbM�OQSWV;^ L7Z
[KV;Z\V�L5JAY�RWP	L�M�L5J�ÂX¿ ´ �x§¨�? /���¦Oy»�¼&½Q�? /�5��hsSWL7TKJ	U M<OWZ\V;TKM�L�LfM<L7Y 
iTKUiL�M�U'J�S�Z�O�P	U r/V5M�Lb["L7ZAH<YbV
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−∇2u + 20u∇.u = g
O/Y

(0, 1) × (0, 1),
��ª5�

J	OWTsM�L
g

P�V7^¦�5HKO]VqJ?L5^iHK_/`;L�OWc<VzP�V9R]MKV7M<V9[sL5Z
u(x, u) = 10xy(1 − x)(1 − y)ex4.5 O�S�L5Y¯S�L7TsM�U _W�.O/J�M�O]SWL7T�P	L5Z	TKL

u(x, 0) = u(1, y) = u(x, 1) = u(0, y) = 0
tQu�J��©UidstyÅs��V5��O�Ås�*as��Y�L�J�P�Z�V7Y�h"Z�O/J	["O/S0P�UikzV7Y�O/T�P	O7h�VDJ	L7^ HK_W`7LfT.H<Y�RWZ�U'SWV
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L5a�P	U'M<Vf[KV;Z\V�L5J
Y�RWP	L�M�L�J�ÂX¿ ´ �x§¨�� ��5�AOQ»©¼&½��� ��5��h"SWL7TKJ	U M<OWZ\V;TKM�LbLDM�L7Y 
 T<UiLDM�U J�S�Z�O�P�Uir�V7M�Lf[sL5Z
H<YbV�YbV7^ieKVfS�L7Y ª;Å
M<Uik.U'J?�.O/JxU d7HKV7U JxT<L5JxOWUic�L5J

x
O

y
h�O�LQSWZ	UiP	R/Z	U Ly¤#V7[KV7M�Z\V � V � U'J/t�G�J&M�L7U'J°Y�RWP	L�M�L5J�V7[<Z	O�J?O/T�P�V;YIVyJ	L7^ HK_/`;LwO�J?["OWZ\V7M<VyO�J�`;L

k.U Z?P�HKV;^ Y�OWT�P	O�U d7HKV7U J/t�u�Ã©V;a£t���V7[<Z	O�J?O/T�P�VbL]T.³<Y�OWZ�LbP	L7P�V;^#M�OQUoP�OWZ\V7_W��O�J�M<L5J�Y�RWP	L�M�L�J�ÂX¿ ´ �x§�O�»©¼&½�O�L�P	O/Y�[sL
M<O�¼x¤°¥«[KV;Z\VbV�SWL7T.k7O/Z	d5�WTKSWU V�M�L�Y�RWP	L�M�LDM<OQ�AO/��P	L5TNUiT<OWc<VzP	LfH�P	U ^iU r/V7TKM�LDH<YbVbYbV;^ eKV���HKV7M<Z�V5M<VbS�L5Y ¢< ���M�U k.U J	�.O/J
U d7HsV;U'J�T<L5J�O/Uoc�L5J

x
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h<[KV7Z�V�M�Ui}~OWZ�OWT�P	O�J�T.³<Y�O/Z	L�J¦M�OXk7OWP	L7Z�O/J&[KV7Z�V�L�Z�O/J?P�V;Z	P/t
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�©U d7H<Z\VqÅK²�¤{Z�L7a<^ OWYbVjM�ONS�L5T�k5O/S/_W`;L9O]M�Ui}~HKJ�`;Lq�Q§.L7^ HK_/`;LqV7[<Z�L�c.U YbV7M<V9S�L7TsJ?U'M�OWZ\V;TsM�L9H<YbVqYbV;^ eKVqSWL7Y|ª7ÅjM�U k.U J	�.O/J
U d7HsV;U'J�T<L5J�O/Uoc�L5J

x
O

y
h£ ��Qk5O�P�L7Z�O/J°[sV;Z\VQL�Z�O/J?P�V7Z?P�O�LbS�Z�UoP�RWZ�UiL�¤#V;[KV5M�Z�V � V � U J/t

Ã@L5^iO/Z��7TKS�U'V]��¢Qk7OWP	L7Z�O/J\� ÂX¿ ´ �x§£��¢7� »©¼&½���¢7�
� P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts� � P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts�

�©Uoc<V��
10−5

� ·5¢ �5·;Å · 
;��t ª � � �5·5¢  5 /·<t � �
¤#V;[KV5M�Z�V � V � U J 
z�5ª7· 
z·<t Å�� Å��< WÅ ¢ 
.t ¡ 

�XOW^ ^iO/� ª5�< WÅ ª;ÅKt ¡<   ��;ªK WÅ   
;��t � 

Ã@L5^iO/Z��7TKS�U'V]�� /��k5O�P	L5Z	O�J�� ÂX¿ ´ �x§¨�? /��� »©¼&½��� /���

� P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts� � P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts�
�©Uoc<V��

10−5 �   
z¡5�7· ·K  �<t � 
 Å5¡5� 
  �·5��t �;Å
¤#V;[KV5M�Z�V � V � U J ·< /Å7Å ¢7¢�t �7ª   
7¢zÅ Å5ª<t �5¢
�XOW^ ^iO/� ·;Å5Å7Å ª;ÅKt ·<  ·5�;Å5· � 
.t �;¡
Ã@L5^iO/Z��7TKS�U'V]���;��k5O�P	L5Z	O�J�� ÂX¿ ´ �x§¨���;��� »©¼&½����;���

� P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts� � P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts�
�©Uoc<V��

10−5
� ¡7�5¡ � � 
zª<t ¡5�  �� �5�7¡ Å�ª7·<t   


¤#V;[KV5M�Z�V � V � U J   
7��  ¢;�<t ¡7�  WÅs WÅ Å5¡<t �5¢
�XOW^ ^iO/� �zÅ.¢;� 
;��t  �¢ �� �·5� 
zª<t Å5ª
Ã@L5^iO/Z��7TKS�U'V]�~Å5��k5O�P	L5Z	O�J�� ÂX¿ ´ �x§¨�*Å5��� »©¼&½��~Å5���

� P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts� � P�OWZ\V7_W��O�J Ã�OWY�[sL"�~Y�U Ts�
�©Uoc<V��

10−5 � Å7Å�¡5¢ �;Å�¢�t ª5� �;¡5ª5�   
 �<t ¢;¡
¤#V;[KV5M�Z�V � V � U J  /·K /¡ ª< 7t ª 
  WÅ	�<  ¡7�<t ª;Å
�XOW^ ^iO/�  /ª�¢;� �5¢�t  �¢  /ª 
 �  ��7ª<t  WÅ

Ã©V;a"OW^'Vw��²K¤{Z	L5a<^ OWYbVXM�O
S�L5T.k7O/S/_W`7L�OAM�Ui}~HKJ�`;LX��½
O�J?O/Y�["OWTKe<LwM�L5J°V;^ d7L7Z�UiP	Y�L5J#ÂX¿ ´ �&§�OA»©¼&½ T<L�Y�R�P	L�M�LQM�OA�AO/��P	L7T
U T<OWc�V;P	LbS�L5TKJ	U M�O/Z�V7TKM�L�H<YbV�Y�V7^iesV�SWL7Y ¢� ��QM�U k.U J	�.O/J�U d7HKV7U J&T<L�J�OWUic.L�J

x
O

y
t

�
O/J?P	O¦J	OWd7HKTKM�L�O�c�OWY�[<^ L�L5aKJ	OWZ�k�V;�-J	O°V7^id5H<YbV7J©YyHKMKV;TK_/V7J©T<LXS�L7Y�["L7Z	P�V7Y�O/T�P	L�M<L5J�M�L7U'J�Y�R�P�L.M<L5J/h�P�V;T�P�L�O/Y Z	O/^ V5_W`7L
V7L5J¦SWZ	UiP	R/Z	U L5J�H�P�Ui^ U r/V7M<L5J¦��HKV;T�P�L�O/YÆZ�OW^'V7_/`;L�V;L�T.³<Y�OWZ�LbM�O�k7OWP	L7Z�O/J�[sV;Z\VyLbZ�O/J?P�V7Z?P�t#¤�V7Z�V�LbY�R�P�L�M�Lb»©¼&½QhKL�S�Z�UiP	RWZ�U L
M<O9¤#V;[KV5M�Z\V � V � U'JbV;[<Z�O/J	OWT�P	L5HlY�O/^ieKL7ZDM<O/J	OWY�[sO/T<e<Lp��H<O9LpM�Oq�XO/^i^ OW� TKV±Z�O/M<HK_W`7LnP	L;P\V;^�M�L±T.³<Y�OWZ�L±M�O9UiP	O/Z�V5_��.O/J
^ U T<O/V7Z	O�JWt�G­Y�O/^ieKL7ZyM�O�J?O/Y�[sO/T<e<L9V5S�L7T�P�O/S�O/HjSWL7Y L�S�Z�UoP�RWZ�UiL�M<O�¤#V;[KV5M�Z�V � V � U JXO9 /��k7OWP	L5Z	O�JX[KV;Z\V]L�Z	O�J�P\V;Z	P/tD¤�V7Z�V
L]Y�R�P�L.M<L]ÂX¿ ´ �&§Äh¨LDSWZ	UiP	R/Z	U LfM�O�¤#V;[KV5M�Z�V � V � U J¦P�V;Y�R/Y Z	O/[<Z	O�J?O/T�P	L7HNLDY�OW^ e<L7ZXM�O/J	OWY�["OWT<eKLKh"}~L7Z�T<O/SWOWTKM<LfLfY�O/T<L7Z
P�OWY�["L��5HsV;TKM�L]}~L5U#H�P	U ^iU r/V5M�L��;�]k7OWP	L5Z	O�J�[sV;Z\VfL�Z�O/J?P�V;Z	P/t��AO�J�P�ObO�c�OWY�[<^ LKh@L�M<O/J	OWY�[sO/T<e<LNM�L�Y�R�P�L.M<L�»©¼&½�}~L7U°H<Y
["L7HsS�LwY�OW^ e<L5Z°��H<OAL�Y�R�P�L.M<LQÂX¿ ´ �x§¨t��
LwOWT�P�V7T�P	LKh�S�L5Y�L�O�J�P\VXO�¬sSWUi�/TKS�U'VXTK`7L�}~L7UKJ	U d7T<Ui¬sSWV;P	U kzV<h7["L�M�O���J	O
M�U rWOWZx�5HKOAL5J
M<L7U'J{Y�R�P�L.M<L5J{J�`;LwSWL7Y�[sOWP	UiP	U k7L�JWt�u
Jx��U dKt#¢<��V5��O�¢<�~a"��Y�L5J?P	Z\V;Y LwSWL7Y�["L7Z	P�V;Y�O/T5P�LwM�L�Z�O/J�
 M�HKL�TK`;L7��^ UiTKO/V;Z{M<L�Y�RWP	L�M�L
M<O��
OW��P	L5T�U T<O�c<VzP�L�OQV5J
�©U dKt�ªs�*V��¦OQªs�~as�AY�L5J?P	Z\V;Y�L�T.³<Y�OWZ�LfM�OyUiP	O/Z�V5_��.O/J
^iU T<O�V;Z�O/JAO/Y SWV7MKVbUoP�OWZ\V7_/`;LbTK`7L;�-^iU T<O/V7Z/h
HsJ	V7TKM�L�L5JXY�R�P�L�M�L5JyÂX¿ ´ �x§¨�? /�5��O�»�¼&½Q�? /���0t��AO�J�P�ObO�c�OWY�[<^ LKh@L�S�Z�UoP�RWZ�UiL�M�Ob¤#V;[KV5M�Z\V � V � U'J�V7[<Z	O�J?O/T�P	L7HjL�Y�OW^ e<L7Z
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M<O/J	OWY�[sO/T<e<L�TKL5J¦M�L5U J¦Y�RWP	L�M�L5J/hKV7[sO�J	V7ZAM�OXP	O/Z
M�O/S/V;U Y�OWT�P	LbYbV;U'J�^ OWT�P	Lb[KV7Z�V�LbZ�O/J�
 M<H<L�TK`;L7��^ UiTKO/V;Z�t � J?P	L�}~L7U@[sL�J	J�
ik5OW^
M<OWk.U M<L�V;L�aKV;Uic�L�T.³<Y�O/Z	LbM�OXUiP	OWZ\V7_W�.O/J&^iU T<O�V;Z�O/J�OWY�SWV5M<Vy[sV7J�J?L�TK`7L;�-^iU T<O/V7Z/t

 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 0  5  10  15  20  25

Fixa
Papadrakakis

Kelley

����� ���
	��
���������
 1e-12

 1e-10

 1e-08

 1e-06

 0.0001

 0.01

 1

 0  5  10  15  20  25  30

Fixa
Papadrakakis

Kelley

�����
�������������

�©U d7H<Z\Vb¢�²�¤{Z�L7aK^iO/Y�V�M�O�SWL7T.k7O�SW_W`7LyO�M�Ui}~HKJ�`;L�� � P	O/Z�V5_��.O/J&TK`7L;�-^iU T<O/V7Z	O�J
× ‖F (uk)‖

�°¿9V;^ eKV�S�L7Y�¢� ��QM�U k.U J	�.O/J&Uid5HKV;U'J
TKL5J�OWUic�L5J
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�©U d7H<Z\V
ªK²<¤{Z�L7a<^ OWYbV�M�O&SWL7T.k7O�SW_/`;LAO�M�Ui}~HKJ	`7L
�¨�A³KY�O/Z	LXM�O&UoP�OWZ\V7_W��O�J@^ U T<O/V7Z	O�J@HKJ�V;TsM�L�M�Ui}~OWZ�OWT�P�O/J�S�Z�UoP�RWZ�UiL�M�OxP	L7^ OWZ\�;TsS�U'V
�&¿�V;^ eKV�S�L5YÆ¢� ��yM�U k.U J	�.O/J�U d7HKV7U J�TKL5J�OWUic�L5J

x
O

y
Ob /��k5O�P	L5Z	O�J&[KV;Z\VyL�Z�O/J?P�V7Z?P�t

� ¸©·1Á6¶4ÐX²µÉ/Ç��$´�Ç
�
O/J?P	OXV;Z	P	U d7LX}~L5UÄV7[<Z�O/J	OWT�P�V5M�L�H<Y�O/J?P	HsM�LQSWL7Y�[KV;Z\VzP�Uik5L�OWT�P	Z�O
L�J°Y�RWP	L�M�L5J&»©¼&½ O�ÂX¿ ´ �x§f�5HsV;TKM�LQH�P	U ^ Uir�V7M�L�J°TKV

Z�O/J	L7^ HK_/`;LfM�L�JXJ?U'J�P�OWYbV7J�^ UiTKO/V;Z�O/J�[<Z�O/J	OWT�P	O�J
O/Y�SWV5M<VfUiP	O/Z�V5_W`7L�TK`;L7��^ U T<O/V7Z�M�L]Y�R�P	L�M�L�M�Ob�AO/��P	L5T9U T<O�c<VzP�LfO�TKV]M�U'J��
SWZ	OWP	U r/V5_W`;L�[sL5Z©M<Uo}~O/Z	O/TK_WV5J@¬sT<UoP\V7J�S�O/T�P	Z\V;U'J�M�O�M�L5U J©[<Z�L7a<^ OWYbV5JW²ÄP�Z�V7TKJ�}~O/Z	�/TKS�U'V
M<O&S/V;^ L7Z�S�L7Y SWL7TKM<H�P	U k.U M<V5M�O��5HsV7M�Z\�zP�U S/V
O�S�L5T�k5O/S/_W`;L�O�M�Uo}~HsJ	`7L�TK`;L7��^ U T<O/V7Z/t
§�`7L�S�L5Y�[sV;Z\V7M�L�J�P�V7Yya"RWY VbO�¬"S�U �WTKSWU V�M<OQM�L5U J�S�Z�UoP�RWZ�UiL�J
M�Ow[sV;Z\V7M<V�[KV7Z�V�L5J
J	U'J��
P�OWYbV7J
^iU T<O�V;Z�O/J/²°L�S�Z�UiP	RWZ�U L�J?H<d5OWZ�U M<L�["L7Z��XOW^ ^iO/�fOwLDS�Z�UoP�RWZ�UiL�J	H<d7O/Z	U'M�L�["L7Z
¤#V7[KV7M�Z\V � V � U'J/t�G Y�RWP	L�M�Lf»�¼&½ P�OWk7OyH<Y
M<O/J	OWY�[sO/T<e<LNY�OW^ e<L5Z�TKL5J�M�L5U JXOWc.O/Y�[<^iL�JXO/J?P	HKMKV7M�L�JWt��AL�[<Z�UiY�O/UiZ�L]S/V7J	LKh£L]Y�R�P�L.M<L�»©¼&½IZ�O/J	L7^ k7OWHqL�[<Z	L5a<^ OWYbVfO/Y
�;ÅKt ª< ��*Y�U Ts�
OyL�Y�RWP	L�M�L]ÂX¿ ´ �x§NO/Y�  �7¡Kt �7ÅN�~Y�UiT"�
��HKV7TKM�LfJ�`;LfSWL7Y�[KV7Z�V5M�L5J�L�JAY�OW^ e<L7Z�O/J
Z	O�J?HK^oP\V7M�L�JAL7a<P	U'M�L5J
T<L5J
M<L7U'J�Y�RWP	L�M�L5J/t��AL�J?O/d7H<TsM�LDS/V7J	LKhÄL5J�Y�R�P	L�M�L�JA}~L5Z�V7Y S�L7Y�[KV7Z�V;P	U k7L�JAOWY P�OWZ�Y�L5J�M�OQOW¬sS�U �WTsS�U'VfS�L5Y�[<H�P�V5S�U L7TKV7^�h¨SWL7Y
Å�ª<t �5¢]�~Y�U Ts��[KV7Z�V�L�Y�R�P�L.M<L�»©¼&½ Oy¢7�<t ¡7�]�~Y�U Ts��[KV7Z�V�LbY�R�P�L.M<LfÂX¿ ´ �x§Ät � TKM�O/[sO/TKM�OWT�P�OyM�L�Y�R�P	L�M�LbOwM<LbT�³KY�O/Z	L
M<OQk5O�P	L5Z	O�JA[KV7Z�V�LfZ�O/J?P�V;Z	P
H�P�Ui^ U r/V7M<L5J/hsL5aKJ?O/Z	kzV;�-J	Ow��H<O�V5J¦P�R/S�TKU S/V7J�M�OwP�L7^ OWZ\�;TKSWU VbkzV7Z	U'��k7O/^£Z	O�M�H<r/OWY�P�V7T5P�LfLDT�³KY�O/Z	L
M<ODUiP	O/Z�V5_��.O/Jy^iU T<O/V7Z	O�JwTKV9Z	O�J?L5^iHs_W`;LqM�L5Jy[<Z	L5a<^ OWYbV7JyUiY�[<^ OWY�OWT�P\V7M�L�JQ��HKV7T5P�L9L9P	OWY�["LqM�O]O�c�O�S�HK_/`;LKh#J	OWTKM<LqV7JyY�O��
^ e<L5Z	O�JAJ?L5^iHs_��.O/J�L5a�P	U'M<V7JAH�P	U ^iU r/V7TKM�L�L�SWZ	UiP	R/Z	U L�M�O�¤#V;[sV7M�Z\V � V � U'JWtxuA^ RWY M�U J?P	LshsV�U Y�[<^iO/Y�OWT�P�V5_W`;L�M<L�V;^ d7L7Z�UiP	Y�Lb»©¼&½
H<P	U ^iU r/V7TKM�L�V�P	R�S�T<U'SWVbM<L�Z�O/J?P�V7Z?P¦R�H<YbV�L5["_/`;L�aKV7J?P�V7T�P	O�O�¬"S�U OWT�P	O�TKV�Z�O/M�Hs_W`;LbM�LbT.³<Y�O/Z	LbM�O�[<Z�L�M�H�P�L5J�YbVzP�Z	U r��-k7OWP	L7Z
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